Viscoelastic modeling traditionally uses multiple relaxation mechanisms (absorbers) per wave type in each cell of the numerical grid. We show that one absorber per cell suffices when the absorbers of different relaxation frequencies and absorption strengths are dithered in a supercell, i.e., a very small area of several nearby cells. The relaxation frequencies used in a supercell can be preselected to cover the bandwidth required in the modeling and distributed locally in a random manner to minimize numerical scattering. The absorption strengths, however, must be found iteratively to yield an average absorption that matches the desired medium over the bandwidth.
INTRODUCTION
Intrinsic absorption results from many diverse factors such as lithology, porosity, permeability, pore and crack geometry, and fluid saturation in rocks (Johnston et al., 1979; Best, 1995) . It plays an important role in reducing the amplitude of seismic waves when the propagation distance is long in terms of wavelength. Although the local loss mechanisms in each microscopic
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volume of a rock may contribute in greater or lesser degree to the overall loss because of their different relaxation frequencies and absorption strengths, the total macroscopic loss in the rock will be a superposition of these diverse local effects and will lack much unique character, i.e., a clear scale. Rather, it will tend to be fractal in character and have a power law spectral response, usually approximating a constant Q absorption.
To include absorption into full-wave time domain modeling methods (Carcione et al., 1988; Dai, 1993; Robertsson et al., 1994) , the frequency-dependent viscoelastic moduli of the desired medium are approximated by some rational functions using a master spring in combination with springs and dashpots. Each spring/dashpot pair represents a single relaxation mechanism (absorber) and can be described by a pair of stress and strain relaxation times or relaxation frequency and absorption strength. Geologically plausible absorptions such as that of constant Q are approximated using multiple absorbers of different relaxation frequencies and absorption strengths. The number of absorption mechanisms needed to fit a desired viscoelastic medium and the distribution of their relaxation frequencies depends on the spectral range over which the wave modeling must be accurate (Liu et al., 1976; Emmerich and Korn 1987; Blanch et al., 1995) . Typically, a reasonably good representation requires at least one absorption mechanism per octave of frequency, and seismic modeling usually covers at least a three-octave range. Thus, adding geologically plausible intrinsic attenuation to a finite-difference solver greatly increases the storage and computational burden. Specifically, at least two more medium parameters are needed to describe the P-and S-wave absorption at each point in the isotropic case-more for an anisotropic case. Also, at least three added memory variables are needed for each absorption mechanism in the 2-D case, becoming six in the 3-D case where there are six stress components. More computer time is needed because the memory variables must be evaluated at each time step.
In this paper, we show how the computational burden may be substantially lightened because it is not really necessary to have multiple absorbers in each cell (Zeng and West, 1995; Zeng, 1996) . Since absorption of a wave is a cumulative process wherein many very minor local absorptions integrate during the propagation of the wave into an appreciable effect, it is permissible to incur some error in modeling it on the scale of individual cells as long as the total effect is accurate when averaged over somewhat longer distances. Thus, in analogy to common practice in color imaging where subtle tones are often created by small groups of nearby dots of different primary colors, we use the graphics concept of dithering to construct an effective medium of appropriate properties. We randomly assign single absorption mechanisms in each cell of small areas (called supercells) to have different characteristic frequencies rather than to have a set of absorbers with each characteristic frequency located in each and every computing cell. Randomization of the pattern prevents the formation of systematic effects analogous to Bragg reflections. Although some computational effort must be expended to find a random distribution of the single mechanisms that will give the desired overall absorption and dispersion effect, important overall savings in both computer time and memory requirements can be obtained.
THE METHOD
To be efficient, we model the desired viscoelastic medium using an effective, inhomogeneous medium that consists of only standard linear solids. We choose the P-and S-wave moduli to be independent and of identical form so the fitting procedure is identical for P-and S-waves. For simplicity, we describe mainly how we dither the spatially dependent P-wave medium parameters from cell to cell. The procedure will be the same for S-waves.
Model parameterization and distribution of SLSs
Our desired viscoelastic model is specified by a vector m d = (α 0 , Q P (ω), β 0 , Q S (ω), ρ), where ω = 2π f is the angular frequency and f is the frequency. The values α 0 and β 0 are the P-and S-wave velocities at a given reference frequency f 0 , ρ is the density, and Q P and Q S are the P-and S-wave quality factors. Once α 0 is given, the phase velocity α(ω) at any other frequency can be uniquely determined from Q P (ω) by the Kramers-Krönig relation (Futterman, 1962) .
We choose the reference frequency, f 0 , to be the peak frequency of the source spectrum and interpret α 0 and β 0 as the local real phase velocities of the medium at this dominant frequency of the seismic modeling. This has the advantage that the arrival times of peak signal are about the same for elastic and viscoelastic solutions. This is important because seismic modeling often is iterative and uses a hierarchy of modeling tools from ray tracing, to acoustic wavefield modeling, to elastic modeling, to viscoelastic modeling (Marfurt and McCarron, 1991) . If model velocities are specified at zero frequency or infinite frequency, it is harder to use the results from elastic modeling as an initial model for viscoelastic modeling because introduction of a significant amount of absorption will change event traveltimes appreciably.
For P-waves, our frequency-dependent complex modulus of the dithered, effective medium has a form of a standard linear solid (SLS) and is given by
where i = √ −1, E = λ + 2µ, λ(ω), and µ(ω) are Lamé constants. E R is the relaxed (zero frequency) modulus, a is the absorption strength, and ω r is the relaxation frequency of the absorber. The unrelaxed (infinite frequency) modulus is
For the S-wave, the complex frequency-dependent modulus is given by replacing E with µ and a with b. Once the P-and Swave moduli are set, the set of governing differential equations is uniquely determined and can be solved on a standard grid or a staggered grid. Figure 1 shows how the wavefields and model parameters are discretized on a staggered grid. Note only one set of stress memory variables exists besides the particle velocity and stress components present in the elastic case.
In the dithered-absorber method, the finite-difference grid is subdivided into cells and supercells. Each supercell contains J adjacent cells of the grid. In 3-D, the supercell will be a cube; in 2-D, it is a square. The supercell should be as small as possible, consistent with the need for five to ten different relaxation frequencies in each to model the desired viscoelastic medium adequately. Thus, the supercell may be 2 × 2 × 2 = 8 cells in 3-D. For the 2-D case, we chose J = 3 × 3 = 9 cells.
Local inhomogeneity in the relaxation frequency ω r and absorption strengths a and b within a supercell of this small
FIG.
1. Wavefields and model parameters within a supercell on the staggered grid: U and W are the horizontal and vertical components of the particle velocity; σ xx , σ zz , and σ xz are the stress components; r xx , r zz and r xz are the stress memory variables; and the dashed lines are cell boundaries. Note only one absorption mechanism exists per cell.
size is unlikely to generate much scattering. To prevent grid dispersion and to represent sharp interface boundaries accurately in the model, more than six cells per shortest significant wavelength in the wavefield are generally required in finitedifference modeling of wave propagation. Thus, cells themselves are <1/12 the dominant S wavelength in the wavefield, and supercells are <1/4 wavelength.
We preselect a set of relaxation frequencies to cover the frequency spectrum of the wavefield
where the dithering index j corresponds to different cells in the supercell. Each supercell contains the complete set of relaxation frequencies because different cells have different relaxation frequencies. We use the same relaxation frequency for both P-and S-wave absorbers in any given cell, although it is possible to assign two different frequencies within a cell on a staggered grid. We distribute the set of relaxation frequencies uniformly on a log scale spanning a range from ω r 1 = 0.05(2π f 0 ) to ω r J = 4.5(2π f 0 ), where f 0 is the peak frequency of the source wavelet. The choice of ω r J = 4.5(2π f 0 ) generally ensures the upper part of the source spectrum is properly modeled without affecting the maximum time step allowed by stability of the finite-difference scheme. Figure 2 shows how the nine SLS's can be distributed to represent a 2-D medium. The J −1 outer cells of each supercell are randomly numbered with a dithering index j from 1 to J −1, and the relaxation frequency of the cell is assigned accordingly. We always assign the highest relaxation frequency (SLS 9) to the center of the supercell because high frequencies are more difficult to model accurately and we do not want the highest frequency absorbers ever to lie adjacent to one another, i.e., to form a cluster.
After the set of relaxation frequencies has been selected, the remaining adjustable parameters of a supercell can be written for a P-wave as a vector
2. Random distribution of the nine standard linear solids on a portion of a uniform medium that represents a mesh of 18 × 12 cells or 6 × 4 supercells. SLS 1 has the lowest relaxation frequency, and SLS 9 has the highest relaxation frequency. The dashed lines indicate the boundaries of supercells.
where a j and E R j are, respectively, the strength a and relaxed modulus E R in the jth cell of the supercell. Alternatively, the vector can be written in terms of the unrelaxed moduli as
To yield the desired absorption and dispersion spectra in the supercell, E U j and a j will vary from cell by cell. They are found from the P-wave velocity α 0 and quality factor Q P of the desired medium by an optimization procedure.
Slowness averaging
In the dithered-absorber method, we are imparting some additional inhomogeneity to the elastic parameters of the desired medium but at a fine (supercell) scale. In a fractional sense, the real components of the moduli are altered by relatively small amounts. The imaginary components are altered by similar absolute amounts; but because their usual values are typically small, the fractional variation can be large. The dithering is carried out so that even those wave components with the shortest wavelengths (6 to 10 cells for S-waves and 10 to 15 for P-waves in the slowest part of the model) will propagate through the supercells as if they are propagating in the desired medium. Since all these wavelengths are long compared to the size of cells and supercells, it is clear that the propagation will be controlled by some kind of average properties of the supercell. However, precisely what type of averaging process is required is less clear.
To show the effect of different kinds of averaging that may be used in the dithered-absorber method, we consider three popular averages, i.e., the Reuss, the Voigt, and the slowness averages (Schön, 1996) . For a medium that consists of J materials with moduli M j , densities ρ j , and volume fractions φ j , J j=1 φ j = 1, they are defined, respectively, as
where ρ a = J j=1 φ j ρ j is the average density of the medium. The Voigt average assumes the springs in each volume effectively to be in parallel so the strongest tends to dominate, giving the upper bound of the overall modulus of the medium. On the other hand, the Reuss average assumes the springs effectively in series so the weakest tends to dominate, giving the lower bound. Both bounds can be rigorously derived from physical principles, but reality is likely to lie somewhere between the two extremes. Nur (1995) notes that the Reuss average generally gives a more accurate representation of the effective modulus of a saturated porous medium than the Voigt average. The effective modulus of an inhomogeneous medium depends not only on the distribution of inhomogeneity but also on the wavelength. Since slowness averaging gives a value that lies between the Reuss and Voigt bounds, it may represent a more realistic average than either the Reuss or the Voigt value. As an example we consider, for simplicity, the averaging for an elastic medium that consists of two materials with real moduli M 1 and M 2 . In Table 1 , we list the Reuss, Voigt, and slowness average moduli for equal volume and equal density. The real moduli M 1 and M 2 are proportionally perturbed from a mean value of one. Clearly, the results differ <1% if the perturbation is <10%, and the slowness average gives a result closer to M min .
The averaging process in our dithered-absorber method should, in theory, also be directional since wave propagation is directional. However, any inhomogeneity we superimpose will be statistically isotropic, so we seek a scalar averaging process. For long wavelengths, the effective modulus of the supercell will be some middle value between springs in parallel Moduli and springs in series Moduli −1 −1 . In the absence of a specified texture for the inhomogeneity, presumably a geometrical mean exp log(Modulus) would be most satisfactory. At higher frequencies, propagation becomes important, and stress and strain cannot be considered completely uniform over the supercell. This suggests slowness should be averaged rather than modulus so that at least traveltime is modeled correctly. Thus, in all that follows we use slowness averaging as the constraint on dithering:
where K a (ω) is the average wavenumber of the whole supercell and K j (ω) is the complex wavenumber of the jth cell. Synthetic seismograms obtained when the dithering is controlled by slowness averaging are so satisfactory that we have not pursued other, more complicated possibilities. We now relate the finite-difference model properties to the velocity and absorption characteristics of the desired medium. From equation (1), the complex moduli of the nine individual SLSs in a supercell are
From equation (6), the average complex wavenumber of the nine standard linear solids in the supercell is
where V j (ω) is the complex velocity in the jth cell of the supercell. By definition, the average complex velocity and modulus 
Thus, the average phase velocity c a (ω) and absorption Q −1
and
Model-fitting for a uniform medium
To make the frequency responses of the desired medium and actual finite-difference model very similar, we use a nonlinear optimization method. In relating the dithered medium parameters to the desired medium vector, we apply some physically sensible constraints on how the finite-difference medium parameters may be selected. The supercell average P-wave phase velocity c a (ω) and absorption Q −1 a (ω) are related to the finitedifference model parameter vectors m 1 or m 2 in a complicated fashion. For a uniform medium, equations (11) and (12) have the form
where E UC is a common value of the unrelaxed moduli values of E U j . Note E UC is related to only c a (ω) and acts purely as a scale factor, but parameters (a 1 , . . . , a 9 ) are related to both c a (ω) and Q −1 a (ω). Since equations (13) and (14) are too complicated to write out explicitly, we evaluate them numerically. Thus, some sort of iterative model-fitting is needed. Although this is the most technically difficult part of the dithered-absorber method, it is purely a mathematical and computational problem and there are many ways to do it.
We have set up the problem as an overdetermined optimization problem in which we adjust a smaller number of free parameters of the finite-difference model cells to minimize the relative errors in phase velocity and absorption at a larger number of frequencies covering a suitable range. An initial starting estimate of the model parameters can be provided by setting a j = 2/Q P and E UC = α 2 0 ρ. We then update the model using a combination of the Newton-Raphson method (Press et al., 1989 ) and a linear search technique (Scales, 1985) . The errors in fit at frequency ω are defined as
where c d (ω) and Q −1 d (ω) are the supercell-average phase velocity and absorption of the desired medium.
We define our objective function of the optimization procedure as
where N f is the number of testing frequencies. We choose the weighting function w(ω) to be the normalized power spectrum of the source so the fit is better in the most important parts of the frequency range. The constant A (0 ≤ A ≤ 1) arbitrarily adjusts the relative degree of fit to the desired phase velocity and Q. Generally, velocities need to be fitted more accurately, so A is usually chosen to be ≈0.7. The choice of the N f testing frequencies is not very important as long as they cover the same range as the relaxation frequencies. We have used N f = 2J − 1 in the examples, i.e., the test frequencies are twice as dense as the relaxation frequencies.
Since the absorption error e 2 (ω) is independent of the values of E U j for a uniform medium, we can also define two objective functions:
Variables e 1 (ω) and e 2 (ω) can be minimized in two separate steps over an appropriate frequency range. First, the values of a j are adjusted to minimize ε 2 . Next, the E UC is used to minimize ε 1 . While the two-step minimization approach of equation (18) is easier and faster, the simultaneous minimization approach of equation (17) usually yields a more accurate phase velocity fit.
Physical constraints for a uniform medium
Even when the desired medium is uniform, the finitedifference model parameters will vary slightly from cell to cell because of dithering. This local inhomogeneity will produce some unwanted scattering, particularly for short-wavelength components of the wavefield. On the other hand, no discrete simulation is an exact representation of the desired medium and wavefield. For instance, finite-difference approximations always display some grid anisotropy even when representing a uniform medium. The practical question is how to make errors in representation of the desired medium acceptably low, e.g., smaller than the dispersion error. In general, we want to fit the desired frequency response reasonably well and also to minimize any scattering caused by the dithering. Unwanted scattering arises primarily at high frequency and from inhomogeneity in the elastic parameters E U j . Inhomogeneity in the absorption parameters a j and ω r j contributes, but only to a lesser extent. We therefore apply the following additional constraints.
First, since scattering is most likely for high-frequency components, the medium is made more uniform at high frequencies by choosing the unrelaxed moduli E U j to be the same for all nine SLSs:
where E UC is a constant to be found by fitting. Note this assumption also simplifies the fitting by reducing the number of unknowns. The set of adjustable parameters in the supercell then forms a vector of length 10, i.e., m 3 = (E UC , a 1 , . . . , a J ). Second, the strengths (a 1 , . . . , a J ) should be as uniform as possible. The variation in the values of a j with relaxation frequency ω r j is kept regular and small by a condition that the peak absorption values y j of the individual standard linear solids in each cell of the supercell (which occurs approximately at the absorber's relaxation frequency) satisfy a low-order polynomial in the logarithmic frequency
where L is typically chosen to be 2 or 3. The adjustable P-wave parameters of the supercell are now represented as a vector
T of length 2 + L. Third, when the absorption is strong (Q ≤ 20), it is important to avoid assigning extreme values to the strength a j values. In particular, at each step in the iterative search, the a j values are forced to be positive and subject to an upper bound, i.e, 0 < y j < 4Q −1 . With all these constraints, the least-squares optimization process is straightforward: m 4 is found iteratively to minimize the objective function ε. Once a sufficiently small value of the objective function is achieved, the cell parameters are found from equation (20) . The individual cell parameters are then allocated randomly to cells of the supercell, with a different randomization for each supercell of the model.
Extension to a heterogeneous medium
For a blocky medium that consists of N homogeneous regions, the foregoing procedure for a uniform medium can be modified as follows: (1) assign an additional index n to each node according to the region it falls in; (2) assign randomly a dithering index j from 1 to J to cells of each supercell; (3) compute N sets of a j,n , E UC,n , b j,n , µ UC,n using the homogeneous medium fitting scheme in equation (17) or (18); and (4) assign the appropriate a, E UC , b, µ UC to each cell according to the n and j of the cell. When a supercell is divided into two or more regions by one or more interfaces in the medium, an appropriately weighted average can be applied (Zeng and West, 1996) . For a generally inhomogeneous medium that varies spatially in an arbitrary manner, the basic idea of dithering through spatial averaging still applies. Even in a highly inhomogeneous model, the desired medium parameters are distributed typically over only a limited range in the 5-D space (α 0 , Q P , β 0 , Q S , ρ) in one or several clusters corresponding to different spatial regions in the model. In the case that a very strong interface in attenuation must be modeled accurately, the interpolation can be split into several parts, as for a blocky medium.
Since repeated searches for the optimum model parameters for each cell of the finite-difference grid would be very time consuming, we find the SLS parameters for each cell by parameter space interpolation. Parameter space interpolation is chosen over spatial space interpolation because it is much more robust and is easier to implement. In particular, we interpolate, for each block or region of the generally varying medium, each of the 10 SLS model parameters in the 3-D parameter space of α 0 , Q P , and ρ. Any variant of the fitting routines described above can be used to obtain the cell model parameters at a few selected key points that properly span the range of the parameter spaces. For each key point, the interpolator takes (α 0 , ρ, Q P ) and outputs 10 parameters (E U , a 1 , . . . , a 9 ). Since absorption parameters are more strongly related to Q P than to α 0 and variations in Q P in each region of the model do not have a strong local effect, we expand, to second-order accuracy, the a j values as Taylor series about the middle value of the range to be covered. Since we need to find one or two values of E U for each cell and a set of values of a j for each supercell, E U is interpolated cell by cell and values of a j are interpolated only supercell by supercell.
NUMERICAL EXAMPLES
We present several numerical examples to show the performance of the dithered-absorber method. This is necessary because the accuracy of this method can be established only by empirical testing. For all examples, we use a finite-difference staggered grid scheme that is second-order accurate in time and fourth-order accurate in space. The elastic scheme is that of Levander (1988) , and the two viscoelastic schemes are direct extensions of it. The dithered-absorber method can also be applied to any other finite-difference or Fourier pseudospectral schemes, but its performance will depend on the relative size of the supercell in terms of wavelength. The method will work slightly better on a standard grid because a standard grid needs a finer spatial sampling than a staggered grid of the same spatial order and time order.
For all examples, we consider constant Q absorption (Kjartansson, 1979) . The absorption is strong in the viscoelastic case in comparison with the corresponding elastic case. In the uniform medium case, we compare viscoelastic solution computed with one absorber per cell (the dithered-absorber solution) with an analytical solution. For more complicated media, we compare the dithered-absorber solution with a multiabsorber solution computed with five absorbers per cell. We use the same spacing h and time interval dt for both elastic and viscoelastic cases. The source wavelet is the first derivative of the Gaussian function with a peak frequency f 0 = 100 Hz (Alford et al., 1974) . Its power spectrum is shown in Figure 4d , along with characteristics of the uniform test media.
Example 1: Uniform medium
The desired uniform medium is given by α 0 = 3.0 km/s, β 0 = 2.0 km/s, ρ = 2.0 g/cm 3 , Q P = 30, Q S = 20, and f 0 = 100 Hz. Table 2 lists the parameters of the dithered medium where the unrelaxed P-and S-wave velocities are α U = 3.08 km/s and β U = 2.08 km/s. Figure 3 Among the nine relaxation frequencies, six are lower than the peak frequency of f 0 = 100 Hz. This is partly because of the 
Fitting for the uniform constant Q medium. The average phase velocity and Q −1 are shown in solid lines; those of the constant Q medium are in dash/dot lines. The normalized amplitude spectrum and power spectrum of the source wavelet are also shown. Note the frequency scale is linear for the P-wave and logarithmic for the S-wave. Also note the extremely fine scales used for the P-and S-wave Q −1 axes.
shape of the source spectrum ( Figure 4d ) and partly because low-frequency components are more difficult to absorb than high-frequency components. Figure 4 compares the average c a (ω) and Q −1 a (ω) of the dithered medium with those of the theoretical constant Q medium. The fits are excellent within the bandwidth of the source, with relative errors <1.0% for both P-and S-waves.
Seismograms from a vertical force for the uniform medium are presented in Figure 5 for two receiver positions where the wavefield is heavily absorbed. They are the vertical component of particle velocity. The grid spacing h = 1.8 m corresponds to a grid factor of G S = 5.0 at the upper 10% power lever frequency of ≈2.2 f 0 . The time step of dt = 0.3 ms is about 85% of the stability limit in the elastic case. With such coarse sampling, the corresponding elastic solution is slightly dispersive (not shown). In the dithered-absorber solution, a small amount of spurious numerical scattering attributable to the dithering is visible as weak random noise, mainly following the S-wave arrival. However, this amount of scattering is insignificant; for instance, it is weaker than the spurious diffractions typically observed when irregular boundaries are discretized (Zeng and West, 1996) .
Example 2: Blocky medium
To test reflections and transmissions in a blocky medium, we consider the three-layered model shown in Figure 6 . The strength a is plotted as a function of position in the whole model. The different shades within each layer show the dithering pattern. Layer 2 is most lossy, so a is largest in this layer. Figure 6c , d, and e shows vertical profiles through the source position of strength a as averaged in 1 × 1, 3 × 1, and 3 × 3 cells.
Clearly, a appears to be constant when viewed in the whole supercell.
FIG. 5. Vertical component, W , of the particle velocity for the uniform medium case. The inset shows the source and receivers geometry. The two receivers are located at a horizontal offset of 252 m from the source, which is a vertical force. Exact, analytical solutions are shown for the elastic and viscoelastic cases. The finite-difference solutions (dithered-absorber and multiabsorber) are computed using h = 1.8 m and dt = 0.3 ms. The viscoelastic solutions have been scaled up by a factor of five in comparison with the elastic one. Note scattering attributable to the spatial variation of the single mechanism is visible but very small in the dithered-absorber solution.
In this example, the grid factors are G P = 9.0 and G S = 5.5 for the P-and S-waves in layer 2. This is a slightly finer sampling than that used in the uniform medium test case. The source in layer 2 is an explosion 60 m from the left edge of the model, and the receiver line is at an offset of 240 m. Figure 7a -c shows the finite-difference solutions for the elastic case, the multiabsorber case, and a comparison of the dithered-absorber and multiabsorber cases. Absorbing boundaries are used on all four edges of the model. Clearly, P-and S-waves reflected and transmitted at both interfaces and converted PS-waves are modeled accurately. Differences between the multiabsorber and dithered-absorber solutions in Figure 7c are very hard to see.
Example 3: Embedded cylinder
This example tests secondary, scattered wavefields (Figure 8) . A plane P-wave is initialized in medium 1 and travels downward. It is then scattered upward by a low-velocity cylinder (medium 2) in which the P-wave velocity drops from α 1 = 3.0 km/s to α 2 = 2.4 km/s. A receiver line is placed 40 m above the initial position of the plane wave. This test is more stringent than the previous two because the only wavefields shown are backscattered waves with an amplitude that is ≈10% of the incident wave. Thus, any appreciable spurious scattering of the primary downgoing wave should be easily visible. Figure 8a compares the W component of the elastic and ditheredabsorber solutions. The reflected waves P 1 P 1 and P 1 S 1 from the top of the cylinder have a simple pattern; those from the bottom form a quite complicated interference pattern. In the viscoelastic case, the bottom reflections are much attenuated because of the strong absorption in the cylinder.
Event S1 is a set of incoherent events with very small magnitude that are not present in the multiabsorber solution. They are caused by the dithering of the absorption and have amplitudes <1% of the primary P-wave. There are also a few other artifacts. In Figure 8c , event PW at 12 ms is a relict upgoing direct plane P-wave caused by the difficulty of correctly initializing the three viscoelastic memory variables used in the dithered-absorber case and the 15 memory variables in the multiabsorber case. It is a consistent event observable across the receiver line, and its magnitude is very small. It is only just visible in the right half of the section in Figure 8a . Event BC is a model edge reflection that can also be seen in Figure 8a . Because the P-wave is incident on the right edge of the model at an angle of 90
• , it is very difficult to get rid of it completely. The only unexplained energy on these seismograms is some noise following the principal events in the distance range of 240 to 400 m. Although somewhat different on both elastic and viscoelastic seismograms, these events are most likely because of unwanted S scattering on the digitized cylindrical boundary, although some may be because of attenuation dithering in the highly lossy cylinder. In any case, numerical errors attributable to spatial dithering are clearly no worse than other minor numerical errors from model discretization.
Example 4: Test of free surface
This example involves surface waves at a free surface as well as P and S body waves. The model, a 60-m-thick plane layer over a higher velocity half-space, has 1200 × 102 cells with h = 1.0 m (Figure 9 ). At the top of the model, a free surface is simulated by padding zero velocities above the free surface interface. Absorbing boundary conditions are used along the other three edges. The source is a vertical force at a depth of 10 m from the free surface and at x = 100 m. Three receivers are placed 2 m below the free surface at x = 300, 600, and 900 m, i.e., 200, 500, and 800 m from the source. The Rayleigh wave, strongly dominating both the elastic and viscoelastic solutions propagates along the free surface with a velocity of ≈1.11 km/s (i.e., ≈0.92β 1 ). Since it is mainly an S type of motion, it not only becomes much weaker and broader in the lossy case but it also becomes weaker relative to the P body waves.
The seismic sections show multiple supercritical S to S reflections from the lower interface just behind the Rayleigh wave in the elastic case. In the lossy case, however, the remaining lower frequency parts of the supercritical S-waves combine with the Rayleigh wave to form a single dispersed event. Early arriving body waves are so much weaker than the Rayleigh wave that they are hard to see on the sections. Although the gridding is so coarse that the elastic solution shows some numerical grid dispersion, the multiabsorber and dithered-absorber viscoelastic seismograms agree so well that differences cannot be resolved (Figure 9d ). Given f 0 = 100 Hz, the dominant S wavelength in the source wavefield is about 12.0 m. The R-wave propagation distance to the receiver at x = 900 m is ≈66.6 wavelengths. Thus, the viscoelastic Rayleigh wave is expected to be reduced by a factor of exp(−66.6π/Q S ) = exp(10.5) = 3.5 × 10 4 from the elastic case. Because the peak frequency decreases during propagation, the actual reduction of peak amplitude is about a factor of 1000. In short, this example shows that both the multiabsorber and the dithered-absorber methods can accurately model all kinds of wavefield absorption, not just the absorption of pure body waves.
FIG. 8. Test of plane-wave propagation:
W component of backscattered waves because of an incident plane P-wave on an embedded cylinder, computed with h = 1.0 m and dt = 0.12 ms. The model is symmetric so only the right half is shown. Main reflected events are clipped so numerical artifacts labeled PW, BC, S1, and S2 can be seen. Clearly, multiabsorber and dithered-absorber solutions in (c) agree well.
Example 5: Test of random medium
Finally, the dithered-absorber method is tested in a generally varying medium (Figure 10 ). The mean values of the random medium areᾱ = 3.0 km/s,β = 1.7 km/s,ρ = 2.0 g/cm 3 , from 6.0 to 8.5 for the P-wave and from 3.5 to 5.0 for the S-wave. Although the S-wave in the elastic case is notably dispersive, the dithered-absorber and multiabsorber solutions agree well. When a larger grid factor is used, results as good as Figure 7 can be obtained. However, the present result is good enough for most practical applications. This indicates (1) the dithered-absorber method performs well, as shown by the previous examples, and (2) the parameter space interpolation method used for this example is accurate and reliable.
CONCLUSIONS
In this paper, we have presented a dithered-absorber method for viscoelastic modeling in a generally heterogeneous medium. Modeling geologically plausible absorption such as   FIG. 10 . Horizontal, U , component for the random medium in (a) using h = 1.8 m and dt = 0.2 ms. Some peak amplitudes in (c) are highly clipped to show the small differences between the two viscoelastic solutions. Differences in the dithered-absorber and multiabsorber solutions are minimal.
constant Q usually needs multiple absorption mechanisms with different relaxation frequencies. In a traditional multiabsorber method, a full set of absorbers is directly combined with the master spring in each finite-difference cell; in the ditheredabsorber method, absorbers with different relaxation frequencies are distributed randomly over adjacent cells, one absorber per cell, to achieve spatial dithering. However, the model parameters assigned to each cell need to be carefully chosen so an accurate overall representation of the desired medium is obtained. In our tests with 2-D finite-difference modeling, dithering has been carried out in a nine-cell supercell. Although the multiabsorber and dithered-absorber methods used very different parameterizations, they produced almost identical results, whether the model medium was uniform or laterally heterogeneous. As long as the model is sampled with a spacing fine enough to avoid grid dispersion in the elastic case, differences between the two solutions do not exceed ≈1% of the maximum wavefield amplitude.
The dithered-absorber method is a highly practical method to model constant Q dispersion and absorption in time domain. Since it uses only one absorber per cell, it is much faster than the multiabsorber method and requires much less memory. The computer time and memory requirements are only ≈60% and ≈40% of those of the multiabsorber method with five absorbers per cell. This is significant, especially when long propagation distances are involved and loss needs to be modeled.
The dithered-absorber method can be extended to the 3-D case, where savings in both time and memory will be even more significant. In fact, this shortcut to higher computational speed may actually mimic nature better than the multiple absorber method.
